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Abstract The G-semidifferentiability concept was introduced in the reference Giannessi
(J Optim Theory Appl 60:191–241, 1989) and it furnishes a general scheme for treating
generalized derivatives. We prove that, in this context, it is possible to obtain a mean value
theorem. By exploiting this result we deduce conditions for a function to be lipschitzian,
C-decreasing or quasiconvex.
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1 Introduction

In 1989, Giannessi wrote a paper [1] which established a very general necessary optimality
condition for extremum problems. It was proved within a class of semidifferentiable functions
introduced there. In that paper he also proved that the class of semidifferentiable functions
embraced several classic types of functions as convex functions, differentiable functions and
even some discontinuous functions. Some other papers have been published in this field (see
for instance [2,3] and references therein); they proved relationships with other generalized
derivatives, calculus rules for this class of functions, generalization to the infinite dimensional
case and so on. With this note we want to put new emphasis to this concept by showing a mean
value theorem for semidifferentiable functions and we want to stress the fact that, following
this scheme, new possibilities of research can be offered in other fields of optimization like
descent methods, necessary or sufficient optimality conditions and error bound theory.
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We conclude this introduction recalling the main definitions. We denote by G the set of
all positively homogeneous functions defined on R

n , namely

G = {g : R
n → R : g(t y) = tg(y) for all y ∈ R

n and t > 0}.
Definition 1 Let G be a subset of G; a function f : R

n → R is said to be lower G-semidif-
ferentiable at x ∈ R

n if there exists DG f (x, ·) ∈ G, called lower G-semiderivative of f at
x , such that

lim inf
v→0

f (x + v) − f (x) − DG f (x, v)

‖v‖ = �− ≥ 0 (1)

and for any other g ∈ G satisfying (1) we have

DG f (x, v) ≥ g(v), ∀v ∈ R
n . (2)

Any element g ∈ G satisfying (1) is called lower G-approximation and �− is called the order
of lower G-approximation of the function f at the point x .

The notion of upper G-semidifferentiability is defined quite similarly, replacing lim inf with
lim sup and reversing the inequality direction in (1) and in (2). The function f is said to
be G-differentiable if it is upper and lower G-semidifferentiable with respect to the same
positively homogeneous function.

Example 1 Consider the set

G = {g ∈ G : g(v) ≤ 0, for all v ∈ R}
and the function f : R → R defined as f (x) = |x | − x2. Since

lim inf
v→0

|v| − v2

|v| = 1

then g(v) = 0 is a lower G-approximation of f at x = 0. Moreover, since all the other
elements of G are smaller than g then g is the lower G-semiderivative. The order of lower
G-approximation is 1. Notice that f has not upper G-approximation since for each g ∈ G
we have

lim sup
v→0

|v| − v2 − g(v)

|v| = 1 − min{g(−1), g(1)} ≥ 1.

Example 2 Consider the set G = {g ∈ G : g is convex } and the lipschitzian function f :
R → R defined as

f (x) =
{−x2 sin

( 1
x

)
, if x �= 0

0, if x = 0

First of all, since

lim inf
v→0

−v2 sin
( 1

v

)
|v| = 0

then g = 0 is a lower G-approximation. Moreover for any other positively homogeneous
function g we have

lim inf
v→0

−v2 sin
( 1

v

) − g(v)

|v| = − max{g(−1), g(1)};
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then g is a lower G-approximation if and only if max{g(−1), g(1)} ≤ 0 and g is convex:
this is satisfied by g = 0 only. Then f is lower G-semidifferentiable and the lower G-
semiderivative is DG f (0, v) = 0. Notice that the classical Clarke directional derivative is
f ◦(0, v) = |v|.

2 A mean value result

The definition of semidifferentiability, recalled in the previous section, seems us very flexible
thanks to the role of the set G. By fixing G, we can follow different aims. Nevertheless, in
our opinion, there are some minimal properties that the elements of the set G must satisfy,
otherwise a very poor analysis can be developed. In this spirit we fix the following two prop-
erties for the set G.
Property (B) Every g ∈ G is bounded from below in a neighborhood of 0;
Property (N) For every g ∈ G there exists a k0 > 0 such that g+k‖·‖ ∈ G for all k ∈ [0, k0).

Theorem 1 Let ϕ : R → R be such that ϕ(0) = ϕ(1) and suppose that G ⊆ G satisfies
properties (B) and (N). If ϕ is lower G-semidifferentiable then there exists c ∈ [0, 1) such
that DGϕ(c, 1) ≥ 0.

Proof Given x ∈ R
n , since DGϕ(x, ·) satisfies property (B) we have

lim inf
v→0

DGϕ(x, v) = L > −∞;
moreover the positive homogeneity implies that L ≥ 0. Therefore, set

ε(x, v) = ϕ(x + v) − ϕ(x) − DGϕ(x, v),

we have

lim inf
v→0

ϕ(x + v) = lim inf
v→0

(
ϕ(x) + DGϕ(x, v) + ε(x, v)

)
≥ ϕ(x) + lim inf

v→0
DGϕ(x, v) + lim inf

v→0
ε(x, v)

≥ ϕ(x)

which implies the lower semicontinuity of ϕ and hence the existence of a global minimum
point c ∈ [0, 1). Now we show that the order of lower G-approximation of ϕ is 0. By con-
tradiction suppose that �− > 0; therefore there exist α > 0 and r > 0 such that, for each
x ∈ R,

ϕ(x + v) − ϕ(x) − DGϕ(x, v)

|v| ≥ α, ∀v ∈ (−r, r) \ {0}

and then

ϕ(x + v) − ϕ(x) − DGϕ(x, v) − α|v| ≥ 0, ∀v ∈ (−r, r) \ {0}.
Define g(v) = DGϕ(x, v) + β|v| where 2β = min{α, k0}. From the property (N) we have
g ∈ G and moreover g is a lower G-approximation bigger than DGϕ(x, ·) which contradicts
the definition of lower G-semiderivative; therefore �− = 0. For this reason we have

lim inf
x→c+

ϕ(x) − ϕ(c)

|x − c| = DGϕ(c, 1)

But c is a minimum point and this completes the proof. ��
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In order to deduce a mean value result, we introduce the following further directional
property of the set G.
Property (D) for every g ∈ G and for every v ∈ R

n there exists k0 > 0 such that the positively
homogeneous function

ĝ(u) =
{

g(u) if u �= tv
g(u) + tk if u = tv

belongs to G for every k ∈ [0, k0).

Theorem 2 Suppose that G ⊆ G satisfies properties (B) and (D). Let f : R
n → R be lower

G-semidifferentiable then, for all x1, x2 ∈ R
n, there exists x0 ∈ [x1, x2) such that

f (x2) − f (x1) ≤ DG f (x0, x2 − x1).

Proof Let xt = x1+t (x2−x1) be any point on the segment [x1, x2] and consider the function
ϕ : R → R defined

ϕ(t) = f (xt ) + t ( f (x1) − f (x2)).

Obviously ϕ(0) = ϕ(1); moreover, choosing g(s) = DG f (xt , s(x2 − x1)) + s( f (x1) −
f (x2)), we have

lim inf
s→0

ϕ(t + s) − ϕ(t) − g(s)

|s|
= lim inf

s→0

f (xt + s(x2 − x1)) − f (xt ) − DG f (xt , s(x2 − x1))

|s| ≥ 0.

Let

H = {h : R → R : ∃α ∈ [0, 1) s.t. h(s) = g(s) + α|s|}
be a subset of positively homogeneous functions satisfying properties (B) and (N); moreover
g ∈ H . Since all elements of H are bigger than g, then g is the lower H -semiderivative of
ϕ if and only if h(s) = g(s) + α|s| is not a lower H -approximation for every α ∈ (0, 1) and
this descends from Property (D). In fact suppose that there exists α ∈ (0, 1) such that

lim inf
s→0

ϕ(t + s) − ϕ(t) − g(s) − α|s|
|s| ≥ 0

then we deduce that

lim inf
s→0

ϕ(t + s) − ϕ(t) − g(s)

|s| ≥ α

If we show that the right hand side of the last inequality is zero we conclude that g is the
lower H -semiderivative. Suppose by contradiction that

lim inf
s→0

ϕ(t + s) − ϕ(t) − g(s)

|s| = l > 0

then for every ε ∈ (0, l) there exists sε > 0 such that

ϕ(t + s) − ϕ(t) − g(s) > (l − ε)|s| > 0, ∀s ∈ (−sε, sε) \ {0}.
Define the following positively homogeneous function

ĝ(v) =
{

DG f (xt , v) if v �= s(x2 − x1)

DG f (xt , v) + (l − ε)|s| if v = s(x2 − x1)
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Since G satisfies property (D), then ĝ ∈ G, ĝ ≥ DG f (xt , ·) and

lim inf
v→0

f (xt + v) − f (xt ) − ĝ(v)

‖v‖ ≥ 0

this contradicts the fact that DG f (xt , ·) is the lower G-semiderivative of f at xt and therefore

lim inf
s→0

ϕ(t + s) − ϕ(t) − g(s)

|s| = 0.

Therefore, from Theorem 1, we deduce that there exists t0 ∈ [0, 1) such that

0 ≤ DH ϕ(t0, 1) = DG f (xt0 , x2 − x1) + f (x1) − f (x2)

and this completes the proof. ��

3 Some applications

From the classical mean value theorem, many results descend. In particular it is possible
to prove connections between derivatives and monotonicity and convexity of the function.
Similar results can be obtained also in this general scheme. In fact, by means of the previous
mean value result, we may deduce the following consequences.

Theorem 3 Suppose that G ⊆ G satisfies properties (B) and (D). A lower G-semidifferen-
tiable function f is lipschitzian with constant L > 0 if and only if for each x ∈ R

n

DG f (x, v) ≤ L‖v‖, ∀v ∈ R
n; (3)

i.e. if and only if for each x ∈ R
n the lower G-semiderivative DG f (x, ·) is bounded on the

unit ball.

Proof Fixed x1, x2 ∈ R
n , from (3) and Theorem 2 we deduce that there exists x0 ∈ [x1, x2)

such that

f (x2) − f (x1) ≤ DG f (x0, x2 − x1) ≤ L‖x2 − x1‖.
Changing the role of x1 with x2 we deduce that f is lipschitzian. For the converse, let v ∈ R

n

be fixed with ‖v‖ = 1 and ε > 0. By the assumption of lower G-semidifferentiability, there
exists a sequence {tk} → 0+ such that

−ε ≤ f (x + tkv) − f (x) − DG f (x, tkv)

tk
≤ L − DG f (x, v), ∀k ∈ N

where the last inequality descends from the lipschitzianity of f . Since ε is arbitrary and
DG f (x, ·) is positively homogeneous, we deduce (3) which concludes the proof. ��

The next result is related to the monotonicity of a lower G-semidifferentiable function.
We recall that a convex and pointed cone C defines the partial ordering relation ≤C on R

n as

x1 ≤C x2 ⇐⇒ x2 − x1 ∈ C.

A function f is called C-decreasing if x1 ≤C x2 implies f (x1) ≥ f (x2).

Theorem 4 Let C be a convex and pointed cone and suppose that G ⊆ G satisfies properties
(B) and (D). Let f : R

n → R be lower G-semidifferentiable; if

DG f (x, v) ≤ 0, ∀v ∈ C

then f is C-decreasing.
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Proof Suppose, by contradiction, that there exist x1, x2 ∈ R
n with x1 ≤C x2 such that

f (x1) < f (x2). From Theorem 2 we deduce that there exists x0 ∈ [x1, x2) such that
DG f (x0, x2 − x1) > 0 that contradicts the assumption. ��

The last result permits to characterize quasiconvex lower G-semidifferentiable functions
by means of the quasimonotonicity of the lower G-semiderivative. We recall that

– a function f : R
n → R is said to be quasiconvex if

f (t x1 + (1 − t)x2) ≤ max{ f (x1), f (x2)}
for any x1, x2 ∈ R

n and t ∈ [0, 1];
– a bifunction g : R

n × R
n → R is said to be quasimonotone if

min{g(x1, x2 − x1), g(x2, x1 − x2)} ≤ 0

for any x1, x2 ∈ R
n .

Theorem 5 Suppose that G ⊆ G satisfies the properties (B) and (D). A lower G-semidiffer-
entiable function f is quasiconvex if and only if the bifunction DG f is quasimonotone.

Proof In [4] it was proved that the quasiconvexity of f implies the quasimonotonicity of the
lower Dini directional derivative D− f defined as

D− f (x, v) = lim inf
t→0+

f (x + tv) − f (x)

t
.

Moreover we observe (see [1]) that the lower G-semidifferentiability of f implies that
DG f (x, v) ≤ D− f (x, v) and therefore the quasimonotonicity of D− f implies the quasi-
monotonicity of DG f (x, v).

For the converse, suppose that f is not quasiconvex, that is there exist a, b, c ∈ R
n with

b ∈ (a, c) such that

f (b) > max{ f (a), f (c)}.
From Theorem 2 there exist x1 ∈ [a, b) and x2 ∈ [b, c) such that

DG f (x1, b − a) > 0 and DG f (x2, b − c) > 0.

By construction, there are t1, t2 > 0 such that x2 − x1 = t1(b − a) and x1 − x2 = t2(b − c)
and therefore

DG f (x1, x2 − x1) > 0 and DG f (x2, x1 − x2) > 0

which show that DG f is not quasimonotone. ��

References

1. Giannessi, F.: Semidifferentiable functions and necessary optimality conditions. J. Optim. Theory
Appl. 60, 191–241 (1989)

2. Giannessi, F., Mastroeni, G., Uderzo, A.: A multifunction approach to extremum problems having infi-
nite-dimensional images. Necessary conditions for unilateral constraints. Cybern. Syst. Anal. 38, 344–
354 (2002)

3. Giannessi, F., Uderzo, A.: A multifunction approach to extremum problems having infinite dimensional
image. I: composition and selection. Atti Semin. Mat. Fis. Univ. Modena 46, 771–785 (1998)

4. Luc, D.T.: Characterisations of quasiconvex functions. Bull. Aust. Math. Soc. 48, 393–406 (1993)

123


	On the mean value theorem for semidifferentiable functions
	Abstract
	1 Introduction
	2 A mean value result
	3 Some applications
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


